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Abstract
The effective field equations on a 3-brane are established considering the massless bosonic sector
of the type IIB string compactified on S5. The covariant embedding formalism in a space endowed
with Z2-symmetry is applied. Recently the derivation of effective equations on the 3-brane, where
only gravity penetrates in the bulk has been performed by Shiromizu, Maeda, and Sasaki [23]. We
extend this analysis to the situation when the bulk contains a set of fields given by the type IIB
string. The notion of the Einstein-Cartan space is considered in order to avoid extra suppositions
about the embedding of these fields. The interactions between the brane and the bulk fields are
understood in a purely geometric way, which fixes the form of these interactions. Finally, we
present the dynamically equivalent effective equations have expressed completely in Riemannian
terms and make conclusions.
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INTRODUCTION AND MOTIVATIONS
Since the papers of Kaluza and Klein [22] it has been suggested a possibility that there
exist extra dimensions beyond those of Minkowski space-time. In recent years, ideas of
extra dimensions become much more compelling. According to [23, 24, 29] it has been
understood that additional dimensions could have a quite distinct nature from those of
Kaluza and Klein. In other words, ordinary matter would confine to our 4-dimensional
world while gravity would penetrate in the extended space (bulk). An intriguing motivation
for considering these models comes from string/M-theory. For instance, the 10-dimensional
type IIB theory can admit brane worlds solutions [13, 14]. The type IIB theory have
a rich massless spectrum. Hence this theory illustrates an enlarged complexity due to the
supplementary fields in addition to gravity and even scalar fields (see [14, 15, 27] for previous
work). This situation is more curious since it seems unlikely that only gravity can penetrate
in extra dimensions. In this paper, considering the massless bosonic sector of the type IIB
theory have compactified on a sphere S5 we derive effective field equations on the 3-brane
in a 5-dimensional bulk endowed with Z2-symmetry.
Our approach to this problem is based on the covariant embedding formalism, which gives
a coordinate independent derivation of the dynamics on the brane. In a typical brane worlds
setup, where only gravity penetrates in the bulk, the derivation of effective field equations
was performed in [23, 24]. We extend this analysis to the situation, which assumes the bulk
to contain a set of fields given by the type IIB theory. The problem that arises is to find
an appropriate description of the embedding procedure in presence of additional bulk fields
in order to avoid extra suppositions about the embedding of these fields. In this paper, we
consider one possible candidate for such description, which is based on the notion of the
Einstein-Cartan space. Roughly speaking this space is a generalization of the Riemannian
space by considering the torsion tensor [16, 33]. The status of torsion in the framework of
4-dimensional gravity and cosmology remains open today [16, 17, 19, 20, 21]. However such
spaces have recently become relevant due to the relationship to many extended theories like
superstrings, supergravity, and e.t.c. [2, 3, 4, 5, 17, 18]. Hence it has been expected that
the embedding formalism developed for the Einstein-Cartan space can give an unified and
transparent understanding of the dynamics on the brane. At the same time we stress that
one can express the resulting effective equations in several dynamically equivalent forms.
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Thus to consider the Riemannian form supplied with extra terms of non-Riemannian origin.
The organization of the article is as follows. In the first section we start with basic facts
about the type IIB theory and the Einstein-Cartan space. We establish the connection
between the torsion and a combination of bulk fields. In the second section taking account of
the covariant embedding formalism constructed in the Einstein-Cartan space (see Appendix
A) we derive the effective field equations on the brane. Finally, in the last section we make
conclusions and discuss the results.
I. MODEL BUILDING
In fact, the strings can be formulated in curved spaces in presence of massless background
fields. In this case, conformal invariance conditions for a closed bosonic string become
equivalent to equations of motion for the following background fields: the antisymmetric
tensor field BAB, the dilaton field Φ, and the metric GAB
1. These equations can be derived
from the following action [1, 6]2
Sb =
1
2k226
∫
d26X
√
|G| e−2Φ
(
∗
R − 1
12
HABCH
ABC + 4∂AΦ∂
AΦ
)
; HABC ≡ 3∂[ABBC], (1.1)
where
∗
R is the curvature scalar computed from the metric GAB and k
2 is the gravitational
constant. On the other hand, the massless bosonic part of the action of superstring theories
can be expressed in the form
Ssuperstring = Suniversal + Smodel + Sinteractions, (1.2)
where Suniversal does not depend on which of superstring theories we consider and it has the
form (1.1) taken at D = 10. The Smodel part depends on the superstring theory we consider
and it contains the Ramond fields: {AC ,WABC} (type IIA string) or {Ψ, ABC ,WABCD}
(type IIB string). The last term in (1.2) is the Chern-Simons like term.
Motivated by brane worlds ideology and 4-dimensional cosmology the bulk should be the
almost-AdS5 space, which represents a space that is AdS5 like on a large scale but allows for
generic inhomogeneities on a small scale. Hence a suitable compactification of a specified
1 Where the uppercase Latin indices A,B = 0, . . . , D − 1.
2 A[a1,...,ap] ≡ 1p!
∑
(−1)piAapi1... apip .
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superstring theory should be considered. Such situation is possible in the framework of
the type IIB theory compactified on S5. Incidentally, the massless bosonic sector of the
type IIB theory can not exactly be described by a covariant action [11], but the covariant
equations of motion exist [12]. This situation arises whenever the dimensions of space-time
is D = 4n + 2. In this case, the 2n + 1 index field strength may be self-dual in locally
Minkowski spaces. Hence the set of equations should contain the self-duality condition.
Nevertheless these equations can be derived from the following action [6]
Sσ =
1
2k210
∫
d10X
√
|G|
[
e−2Φ̂
(
(10)
∗
R − 1
12
HABCH
ABC + 4∂AΦ̂∂
AΦ̂
)
− 1
2
∂AΨ∂
AΨ− 1
12
F˜ABC F˜
ABC − 1
480
Y˜ABCDEY˜
ABCDE
]
; (1.3)
HABC = 3∂[ABBC], FABC = 3∂[AABC], F˜ABC = FABC −ΨHABC ;
YABCDE = 5∂[AWBCDE], Y˜ABCDE = YABCDE − 5A[ABHCDE] + 5B[ABFCDE];
except for a term Y˜ 2 in one of equations and for the self-duality condition Y˜ABCDE =
∗Y˜ABCDE. Taking account of these equations the compactification on S5 proposed in [7] has
widely used [30]. On the other hand, the action (1.3) has derived in the σ-model frame.
Such frame should be not confused with the coordinate frame in general relativity. The
string theory is insensitive to local redefinitions of background fields [9]. Therefore in order
to obtain a standard normalized Einstein action (in the 5-dimensional case) one should
redefine the metric as follows
GAB = e
4Φ
D−2 G˜AB, where Φ̂ ≡ Φ+ 5
8
Φ˜. (1.4)
It can straightforwardly be checked that the action (1.3) becomes
SE =
1
2k210
∫
d10X
√
|G˜| e− 54 Φ˜
[
∗
R˜ −e
−Φ
12
H2 − 1
2
∂AΦ∂
AΦ− 5
8
∂AΦ∂
AΦ˜ +
25
16
∂AΦ˜∂
AΦ˜
−e
2Φ+ 5
4
Φ˜
2
∂AΨ∂
AΨ− e
Φ+ 5
4
Φ˜
12
F˜ 2 − e
5
4
Φ˜
480
Y˜ 2
]
. (1.5)
By the frame (1.4) we have increased the number of independent fields by one. This intro-
duces an additional invariance and implies that one of equations derived from this action
has kinematically related to the remaining set of equations. Hence this equation can be
eliminated. Notice that by the compactification ansatz given below this new field plays
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the role of moduli. The equations of motion obtained from those considered in [7] by the
redefinition (1.4) can realdily be derived from the action (1.5) taking account of the term
Y˜ 2 and the self-duality condition. These equations are listed in the Appendix C [see (C1)].
Further, taking into account the action (1.5) instead of (1.3) we apply the ansatz [7]
ds210 = G˜ABdX
AdXB = gab(x)dx
adxb + eρ(x)/2gab(θ)dθ
adθb; (1.6a)
Φ(X) = φ(x), Φ˜(X) = ρ(x), BAB(X) = Bab(x)δ
ab
AB, Ψ(X) = χ(x), AAB(X) = Aab(x)δ
ab
AB,
WABCD(X) = Wabcd(x)δ
abcd
ABCD + ̺ W˜abcd(θ)δ
abcd
ABCD such that 5∂[aW˜bcde] = ηabcde, (1.6b)
where xa are 5-dimensional coordinates, θa parametrizes the sphere S5, δC...DA...B ≡ δCA . . . δDB ,
ηabcde is the volume form defined on S
5, and ̺ is the Freund-Rubin parameter. We stress
that in order to retain the direct relationship between the different dimensional theories one
should have the truncation to the low-dimensional subset of fields be a consistent one. In
other words, the solutions of 5-dimensional equations of motion should give the solutions
of original 10-dimensional theory. It has been widely believed [13, 14] that every sphere
compactification is a consistent one. However according to [8, 15] the situation seems to
be more complicate. Fortunately, the authors of [8] have shown the strong consistency of
AdS5 × S5 compactfication. Hence we suppose that the compactification based on almost-
AdS5 × S5 can admit a consistent truncation too. The structure of the almost-AdS5 space
is understood as follows. Suppose that all the background fields except G˜AB and WABCD
can be neglected; then equations of motion can be solved. The solution describes an infinite
D3-brane [10], which metric close to the horizon is given by
ds210 =
r2
L2
(
−dt2 +
3∑
i=1
dxidxi
)
+
L2
r2
dr2 + L2dΩ25; L = const.
This metric describes exactly the AdS5 × S5 space. In general, the existence of the almost-
AdS5 background in the type IIB theory should be proven. However taking account of
above arguments we conjecture it.
After cumbersome calculations (similar to [7]) one yields the 5-dimensional equations of
5
motion (C3) listed in the Appendix C, which can be derived from the following action3
S0 =
1
2k2
∫
d5x
√
|g|
[
∗
R −1
2
(
∂aφ∂
aφ+
5
8
∂aρ∂
aρ+
5
4
∂aφ∂
aρ+ e2φ+
5
4
ρ∂aχ∂
aχ
)
− 1
12
(
eφ+
5
4
ρF˜ 2 + e−φH2
)
− e
5
4
ρ
480
Y˜ 2 + e−
1
2
ρα
]
; (1.7)
Fabc = 3∂[aAbc], Habc = 3∂[aBbc], F˜abc = Fabc − χHabc,
Yabcde = 5∂[aWbcde], Y˜abcde = Yabcde − 5A[abHcde] + 5B[abFcde],
except for the terms Y˜ 2 and for consequences of the self-duality condition in the form
̺ =
√
|g| e 54 ρ Y˜ 01234 = − 1√|g| e− 54 ρ Y˜01234 = const. hence
Y˜ abcde = −
√
|g| ηabcde Y˜ 01234 = −̺ ηabcde e− 54 ρ,
Y˜abcde =
1√|g| ηabcde Y˜01234 = −̺ ηabcde e 54 ρ,
and Y˜abcdeY˜
abcde = −Y˜abcdeY˜ abcde = −5! ̺2. (1.8)
Notice that α = const. is the scalar curvature of S5, the 5-dimensional scalar curvature
∗
R
has computed from gab, and ηabcde is the volume form defined on the almost-AdS5 space.
Finally, k is the 5-dimensional coupling constant related to the string scale as follows
1
k2
=
volume of S5
k210
,
such that k2 = 8πM−3p , where Mp is the fundamental 5-dimensional Planck mass.
Actually one particular combination of Neveu-Schwarz and Ramond fields can safely
be interpreted as the bulk torsion in the framework of Einstein-Cartan (EC) space (see
[2, 3, 4, 5, 20, 25] for related work). Indeed, recall the following definitions [16, 33]
Γabc = Γ
a
(bc) + Γ
a
[bc] =
∗
Γabc + (Υ
a
bc +Υ
a
bc + Υ
a
cb ) ≡
∗
Γabc −Q acb and (1.9)
∇c gab ≡ ∂cgab − Γdacgdb − Γdbcgad = 0;
∗
∇c gab ≡ ∂cgab−
∗
Γdac gdb−
∗
Γdbc gad = 0,
where
∗
Γabc is the Christoffel connection, Qabc = −Qacb is the contortion, and Υabc ≡ Γa[bc]
is the Cartan’s torsion tensor, a purely affine quantity. If torsion vanishes, we naturally
3 Where the lowercase Latin indices a, b = 0, 1, 2, 3, 4; the Greek indices µ, ν = 0, 1, 2, 3; and x4 ≡ y.
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recover the Riemannian space. The contortion can covariantly be split into irreducible parts
Qabc =
1
(D − 1) (Qbgac −Qcgab) + Labc +Q[abc], (1.10)
where Qa ≡ Qbab is the trace, Labc is a tensor constrained by Laba = 0, Labcηabc i1...iD−3 = 0,
and ηi1...iD is the volume form.
Now instead of the action (1.7) defined in the Riemannian bulk consider the following
action defined in the EC bulk
S =
1
2k2
∫
d5x
√
|g|
[
R− 1
2
(
∂aφ∂
aφ+
5
8
∂aρ∂
aρ+
5
4
∂aφ∂
aρ+ e2φ+
5
4
ρ∂aχ∂
aχ
)
− 1
12
e−φH2 − e
5
4
ρ
480
Y˜ 2 + e−
1
2
ρα
]
, (1.11)
where the scalar curvature4 is constructed from {gab, Qabc}. Using (1.9) and (1.10) one can
readily compare equations of motion derived from (1.7) and (1.11). The conclusion is that
these sets of equations coincide whenever
Q[abc] =
1
2
√
3
e
1
2 (φ+
5
4
ρ)F˜abc ≡ Θabc, Qa = 0, Labc = 0. (1.12)
In other words, the theory given by (1.7) in the Riemannian space is dynamically equivalent
to the theory given by (1.11) in the EC space. A combination of Neveu-Schwarz and Ramond
fields is identified with the Q[abc] part of the bulk contortion. Throughout the paper we shall
deal with the action (1.11), which underlie the idea of EC space. Notice that in the EC
space one should distinguish two classes of extremal curves. The autoparallel curves and
the geodesic curves. However these two classes coincide whenever the contortion is totally
antisymmetric [16]. Incidentally, this is exactly the case considered in this paper.
In our brane world scenario the 4-dimensional world (qµν ,
(4)Θαβγ , ψA)
5 is understood
as a brane in the 5-dimensional EC bulk (gab,Θabc,Wabcd) characterized by the contortion
(1.12). The brane matter sector L(ψA,
(4)∇µψA, qµν) consists of a continuous spinning medium
ψA minimally coupled to the induced metric qµν and the induced contortion
(4)Θλµν . The
spinning medium (i.e., Maxwell and Yang-Mills fields, the Proca field, the Dirac field, and
the Weyssenhoff-Raabe spin fluid) is a matter, which possess the intrinsic spin, that is the
4 Rabcd = ∂cΓ
a
bd − ∂dΓabc + ΓafcΓfbd − ΓafdΓfbc, Rab = Rcacb, R = gabRab.
5 Further, the uppercase Latin indices denote the matter sector of the brane.
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irreducible spin of elementary particles (see [17, 19, 21], where the Lagrangian description
in the EC spaces is given). Taking account of minimal coupling the brane Lagrangian can
be decomposed as follows
L(ψA,
(4)∇µψA, qµν) =
∗
L (ψA,
(4)
∗
∇µ ψA, qµν) + L˜(qµν , (4)Θαβγ , ψA), (1.13)
where
∗
L≡ L| (4)Θαβγ→0 and L˜ describes the interaction with the bulk fields (4)Θαβγ.
The equations of motion that describe the compactified type IIB theory in presence of
brane are listed in Appendix B [see (B5)]. Nevertheless we observe that these equations can
be derived from the following action
Stotal = S + Sc + Sbr + Scbr; (1.14)
S =
1
2k2
∫
d5x
√
|g|
[
R− 1
2
(
∂aφ∂
aφ+
5
8
∂aρ∂
aρ+
5
4
∂aφ∂
aρ+ e2φ+
5
4
ρ∂aχ∂
aχ
)
− 1
12
e−φHabcH
abc − e
5
4
ρ
480
Y˜abcdeY˜
abcde + e−
1
2
ρα
]
,
Sc =
∫
d5x
√
|g| (−Λ), Scbr =
∫
d4x
√
|q| (−λ), Sbr =
∫
d4x
√
|q| L(qµν , ψA, (4)∇µψA),
except for the terms Y˜ 2 and for consequences of the self-duality condition [see (B6)]. Also,
Λ (< 0) is the bulk cosmological constant and λ (> 0) is the intrinsic brane tension.
The appearance of the negative bulk cosmological constant in the action (1.14) does not
follow directly from the type IIB theory. Recall that the structure of almost-AdS5 space
supposes the existence of the negative cosmological constant, which shows up on a large
scale. Hence the introduction of one additional negative constant does not change the pic-
ture. The Z2-symmetry of the fields (gab, ρ, φ, χ, Aab, Bab) is also an interesting topic. In our
case, the compactification procedure given in the Appendix C does not imposes some special
symmetries on the fields (gab, ρ, φ, χ, Aab, Bab) but supplies every point of the bulk with a 5-
sphere scaled by ρ(x) [see (1.6a)]. To make the Z2-symmetry be compatible with the sphere
compactification one must combine the flip in y with an orientation-reversing of spheres
[13]. In other words, we must operate with an extended notion of the Z2-transformation
that means: y → −y as well ̺ → −̺. At the same time the bulk metric gab can always
be taken Z2-symmetric (in the extended sense) by considering the patches of almost-AdS5
space glued together along the brane world volume in a Z2-symmetric manner. The situ-
ation with (ρ, φ, χ, Aab, Bab) is less optimistic. Nevertheless it is believed [13] that in the
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framework of the type IIB theory exists a mode-locking mechanism that projects these
fields into a Z2-invariant subspace. Therefore throughout the paper we shall consider the
fields (gab, ρ, φ, χ, Aab, Bab) being symmetric in the extended sense of the Z2-transformation.
II. FIELD EQUATIONS ON THE BRANE
Further, we impose a gauge: A4γ = 0, B4γ = 0 and assume that the hypersurface y = 0
coincides with the brane world. Suppose that the vector normal to the brane is given by
ncdx
c = dy and gabn
anb = 1; then
ds25 = qµνdx
µdxν + dy2. (2.1)
Consider the Gauss like equation (A16) in a space with nontrivial torsion
(4)Rαβ = Rcde
c
αe
d
β +K4αβK −K4αγK4γβ − Rfcedecαedβnenf , (2.2)
where K4αβ = −ecαedβ∇dnc ≡
∗
K4αβ +Θ4αβ and K ≡ K λ4λ .
The decomposition of curvatures into Riemannian and non-Riemannian parts is as follows
Rab ≡
∗
Rab +R˜ab =
∗
Rab +
(
∗
∇c Θcab −ΘacdΘ cdb
)
, R ≡ ∗R +R˜ =
∗
R −Θ2. (2.3)
The terms Racbdnae
c
αe
d
βn
b, Rcdefncn
dnenf , and Rfabcnfn
anbecµ are given by equations
eaγ∇[µ∇4]na = eaγecµnd∇[c∇d]na +
1
2
eaγ
(∇µnc −∇4 ecµ)∇cna = 12 Rf adcnfeaγndecµ,
=
1
2
eaγn
c∇c
(
eλaK4λµ
)
=
1
2
(
∂4K4γµ +K4λµK
λ
4γ
)
; (2.4a)
na∇[µ∇4]na = naecµnd∇[c∇d]na +
1
2
na
(∇µnc −∇4 ecµ)∇cna = 12 Rf adcnfnandecµ,
= 0; (2.4b)
na∇[4∇4]na = nanc∇[c (nd∇d]na) = 1
2
Rafcdnan
fncnd,
= 0. (2.4c)
Following methods of [23, 24] we evaluate effective field equations not exactly on the brane
but at the limiting values of y. In other words, we consider two sets of effective equations
denoted by the ± sign and have taken at y → ±0. In this case, the delta function vanishes;
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then using (B5a), (2.2), (2.3), and (2.4c) it can straightforwardly be checked that
(4)G±(µν) ≡
∣∣∣∣ (4)R(µν) − 12qµν (4)R− 2ΘµαβΘ αβν
∣∣∣∣± (2.5)
=
∣∣∣∣23 k2
[
Tµν +
(
T44 − 1
4
T cc
)
qµν
]
− C4µ4ν
+ K4(µν)K −K4(µ|γ|K4γ ν) −
1
2
qµν
(
K2 −K4αβK4αβ
)
− 1
4
ΘαβγΘ
αβγqµν −ΘµαβΘ αβν +
1
4
Θ4αβΘ
4αβqµν + 3Θ4µγΘ
γ
4ν
∣∣∣∣± ,
where Cabcd ≡
∗
Rabcd +
2
3
(
ga[d
∗
Rc]b +gb[c
∗
Rd]a
)
+
1
6
∗
R ga[cgd]b
is by definition the 5-dimensional Weyl tensor [31, 33]. The Z2-symmetry implies that
K+4(µν) = −K−4(µν), H+4µν = −H−4µν , F+4µν = −F−4µν ; (2.6a)
∂4ρ
+ = −∂4ρ−, ∂4φ+ = −∂4φ−, ∂4χ+ = −∂4χ−. (2.6b)
Hence we can drop the ± sign and evaluate the equation (2.5) on the one side only.
Taking into account (1.8), (B6) the effective energy-momentum tensor can be expressed as
Tµν +
(
T44 − 1
4
T cc
)
qµν =
3
2
(
−1
2
Λqµν + k
−2TΣµν + k
2T⊥µν
)
, where (2.7)
TΣµν ≡
1
3
∂µφ∂νφ+
5
12
∂(µφ∂ν)ρ+
5
24
∂µρ∂νρ+
e2φ+
5
4
ρ
3
∂µχ∂νχ+
e−φ
6
HµαβH
αβ
ν
−qµν
24
(
5∂αφ∂
αφ+
25
4
∂αφ∂
αρ+
25
8
∂αρ∂
αρ+ 5e2φ+
5
4
ρ∂αχ∂
αχ+
3e−φ
2
HαβγH
αβγ
)
;
T⊥µν ≡ k−4
[
e−φ
3
Hµα4H
α4
ν +
qµν
24
(
3∂4φ∂4φ+
15
4
∂4φ∂4ρ+
15
8
∂4ρ∂4ρ+ 3e
2φ+ 5
4
ρ∂4χ∂4χ
−e
−φ
2
Hαβ4H
αβ4
)
− 1
8
qµνe
5
4
ρ̺2 +
1
4
qµνe
− ρ
2 α
]
.
Clearly, that the effective equation (2.5) is not closed in four dimensions due to the presence
of extrinsic quantities Θαβ4, C4µ4ν , and T
⊥
µν . However both the equations (B5a) - (B5f) and
the assumed continuity of fields (gab, ρ, φ, χ, Aab, Bab) lead to Israel’s like junction conditions
[32]. These conditions gives a possibility to decrease the number of extrinsic quantities.
The mentioned junction conditions can be expressed as follows
{gab} = 0; {ρ} = 0; {φ} = 0; {χ} = 0; {Bab} = 0; {Aab} = 0,
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{K4(µν)} = k2
(
Sµν − 1
3
qµνS
λ
λ
)
, (2.8a)
{∂4φ}+ {∂4ρ} = k
2
2
√
3
e
1
2 (φ+
5
4
ρ)θµανF˜αµν , (2.8b)
{∂4φ}+ 5
8
{∂4ρ} = k
2
4
√
3
e
1
2 (φ+
5
4
ρ)θµανF˜αµν , (2.8c)
{∂4χ} = k
2
2
√
3
e−
1
2 (3φ+
5
4
ρ)θαµνHαµν , (2.8d)
{F4µν} − χ{H4µν} = 2
√
3 k2 e−
1
2 (φ+
5
4
ρ)
[
θ γµν ∂γ
(
φ+
5
4
ρ
)
+ 2 σµν
]
, (2.8e)
χ{F4µν} −
(
e−2φ−
5
4
ρ + χ2
)
{H4µν} =
√
3 k2 e−
1
2 (φ+
5
4
ρ) [χ σµν
+ θ γµν
(
∂γχ+
1
2
χ∂γφ+
5
8
χ∂γρ
)]
, (2.8f)
where {V} ≡ limy→+0 V− limy→−0 V ≡ V+−V− denotes the discontinuity between two sides
of the brane. The Z2-symmetry (2.6) implies that we can once again drop the
+ sign and
evaluate quantities on the brane by taking only the limit y → +0. The junction conditions
(2.8) become
K4(µν) =
k2
2
(
Sµν − 1
3
qµνS
λ
λ
)
, (2.9a)
∂4ρ =
k2
3
√
3
e
1
2 (φ+
5
4
ρ)θµανF˜αµν , (2.9b)
∂4φ =
k2
12
√
3
e
1
2 (φ+
5
4
ρ)θαµνF˜αµν , (2.9c)
∂4χ =
k2
4
√
3
e−
1
2 (3φ+
5
4
ρ)θαµνHαµν , (2.9d)
H4µν =
√
3
2
k2 e
1
2 (3φ+
5
4
ρ) (3χ σµν − θ γµν Πγ) , (2.9e)
F4µν =
√
3
2
k2 e
1
2 (3φ+
5
4
ρ)
[
θ γµν
(
2e−(2φ+
5
4
ρ)Π̂γ − χΠγ
)
+ σµν
(
4e−(2φ+
5
4
ρ) + 3χ2
)]
, (2.9f)
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where Πγ ≡
(
∂γχ− 3
2
χ∂γφ− 15
8
χ∂γρ
)
; Π̂γ ≡ ∂γ
(
φ+
5
4
ρ
)
.
In other words, these conditions mean that quantities (K4(µν), H4µν , F4µν , ∂4ρ, ∂4φ, ∂4χ) de-
pend on the brane matter content. In addition, these conditions make possible to express
Θ4µν and T
⊥
µν as follows
K4[µν] = Θ4µν =
1
2
k2
(
θ γµν Π̂γ + 2 σµν
)
, (2.10)
T⊥µν = e
φ+ 5
4
ρ
[
eφ
4
(
θ αµλ θ
λβ
ν ΠαΠβ − 6χθ λα(µ σν)λΠα + 9χ2σµλσ λν
)
−e
φ
64
qµν
(
θ
γ
αβ θ
αβλΠγΠλ − 6χσαβθαβγΠγ + 9χ2σαβσαβ
)
+
1
576
qµν
(
θγαβF˜γαβ
)2
+
e−2φ−
5
4
ρ
384
qµν
(
θγαβHγαβ
)2]− 1
8
qµνe
5
4
ρ ˜̺2 + 1
4
qµνe
− ρ
2 α˜, (2.11)
where α˜ ≡ αk−4 and ˜̺≡ ̺k−2.
Further, we conclude that the equation (2.5) contains extrinsic quantities only in C4µ4ν term.
It is a projection of the bulk Weyl tensor, which vanishes whenever the bulk is exactly AdS5.
At this stage we apply the relation (1.12) in order to consider one dynamically equivalent
to (2.5) equation on the Riemannian space instead of EC space.
(4)
∗
Gµν ≡ (4)G(µν) − 1
2
qµνΘαβγΘ
αβγ + 3ΘµαβΘ
αβ
ν (2.12)
=
2
3
k2
[
Tµν +
(
T44 − 1
4
T cc
)
qµν
]
− C4µ4ν
+
∗
K4µν
∗
K −
∗
K4µγ
∗
K4γ ν −
1
2
qµν
(
∗
K2 − ∗K4αβ
∗
K4αβ
)
− 3
4
ΘαβγΘ
αβγqµν + 2ΘµαβΘ
αβ
ν −
1
4
Θ4αβΘ
4αβqµν + 4Θ4µγΘ
γ
4ν .
This equation can be compared to the restricted result [23, 24], where only gravity exists in
the bulk. Recall that the brane energy-momentum tensor τµν is decomposed into a sum of
∗
τ µν and τ˜µν parts given by (1.13), where τ˜µν describes interactions with bulk fields localized
on the brane. Taking account of (2.9), (1.12), (2.10), and (2.7) the equation (2.12) becomes
(4)
∗
Gµν= −Λ̂qµν + 8πGN ∗τ µν + T̂Σµν + k4
(
∗
πµν + T̂
⊥
µν
)
− Egµν , (2.13)
12
where Λ̂ ≡ 1
2
k2
(
Λ +
1
6
λk2
)
,
GN ≡ λk
4
48π
,
∗
πµν ≡ −1
4
∗
τ µα
∗
τ νβ q
αβ +
1
12
∗
τ
∗
τ µν +
1
8
qµν
∗
τ αγ
∗
τ βλ q
αβqγλ − 1
24
qµν
∗
τ
∗
τ ,
Egµν ≡ C4µ4ν ,
and T̂Σµν ≡ TΣµν +
1
6
eφ+
5
4
ρF˜µαβF˜
αβ
ν −
1
16
qµν e
φ+ 5
4
ρF˜αβγF˜
αβγ +
λk4
6
τ˜µν ,
T̂⊥µν ≡ T⊥µν +
(
θ αµλ θ
λβ
ν Π̂αΠ̂β + 4θ
λγ
(µ σν)λΠ̂γ + 4σµγσ
γ
ν
)
−qµν
16
(
θ
γ
αβ θ
αβλΠ̂γΠ̂λ + 4θ
λ
αβ σ
αβΠ̂λ + 4σαβσ
αβ
)
−1
2
∗
τ λ(µ τ˜
λ
ν) +
1
12
(
∗
τ µν τ˜ + τ˜µν
∗
τ
)
+
1
4
qµν
∗
τ αβ τ˜
αβ − 1
12
qµν
∗
τ τ˜
−1
4
τ˜µλτ˜
λ
ν +
1
12
τ˜ τ˜µν +
1
8
qµν τ˜αβ τ˜
αβ − 1
24
qµν τ˜
2.
The main difference of (2.13) from Einstein gravity resides in the presence of terms
∗
πµν , T̂
Σ
µν ,
T̂⊥µν , and E
g
µν which can not be obtained by a Lagrangian description. It is seen that in the
limit whenever λ is of high energy scale the terms
∗
πµν and T̂
⊥
µν can safely be neglected.
Now let us examine the behaviour of the brane energy-momentum tensor Sµν [see (B5a)].
Consider the Codacci like equation (A17) in a space with nontrivial torsion
Rab n
aebµ =
(4)∇µK − (4)∇λK λ4 µ − 2ΘλµγK γλ4 +Rabcd nanbncedµ. (2.14)
Using (2.4b), (2.3) decompose (2.14) and G(ab) as follows
∗
Rab n
aebµ =
(4)∇µ
∗
K − (4)∇λ
∗
K λ4 µ +
(4)∇λΘλ4µ − ebµ
∗
∇c Θc4b −ΘµαβΘ αβ4
= (4)
∗
∇µ
∗
K − (4)
∗
∇λ
∗
K λ4 µ,
G(ab)n
aebµ =
( ∗
Gab −3ΘacdΘ cdb
)
naebµ =
∗
Rab n
aebµ − 3ΘacdΘ cdb naebµ.
These equations together with (1.12), (B5a), and (2.9) lead to the relation
(4)
∗
∇λ Sλµ = −2k−2
(
Pab +
1
4
eφ+
5
4
ρF˜acdF˜
cd
b
)
naebµ
= e
1
2 (φ+
5
4
ρ)
[
1
12
√
3
θαβγF˜αβγ ∂µ
(
5
4
ρ− φ
)
− 1
4
√
3
σαβγHαβγ ∂µχ
−
√
3
4
(
3χσαβ − θ γαβ Πγ
)
H αβµ −
√
3
2
(
θ
γ
αβ Π̂γ + 2σαβ
)
F˜ αβµ
]
≡ Jµ. (2.15)
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This relation indicates that the brane energy-momentum tensor Sµν is non-conserved. The
non-conservation reflects an exchange of energy-momentum between the brane and bulk
fields localized on the brane (see [27] for related work). If one imposes Jµ = 0; then there is
no such exchange and the brane vacuum state remains stable. However the effective brane
energy-momentum tensor given by the right part of (2.13) is conserved and the effective
vacuum remains stable. Let us remark that throughout the literature, the true brane energy-
momentum tensor in presence of bulk fields is understood ambiguously.
By the same arguments, the equations (B5b) - (B5f) must also be taken at the limiting
values of y. In this case, the situation is simpler. Taking into account (A14) one see that
(5)
∗
∇c(5)
∗
∇c φ = (4)
∗
∇λ(4)
∗
∇λ φ−K∂4φ+ ∂4∂4φ,
(5)
∗
∇c F cµν = (4)
∗
∇λ F λµν −KF 4µν + ∂4F 4µν ;
then using (2.9), (B5g) and (B6) equations (B5b) - (B5f) become
(4)
∗
∇λ(4)
∗
∇λ (ρ+ φ)− e 54 ρ
(
e2φ∂γχ∂
γχ +
eφ
6
F˜αβγF˜
αβγ
)
+ e
5
4
ρ̺2 − 4
5
e−
1
2
ρα + (Eφ + Eρ)
= k4
[
e−φ
16
√
3
(θαµνHαµν)
2 +
3
2
(
θ
γ
αβ θ
αβλΠ̂γΠ̂λ + 4θ
αβγΠ̂γ σαβ + 4σαβσ
αβ
)
+
e
1
2 (φ+
5
4
ρ)
24
√
3
Sλλ θ
αµνF˜αµν
]
, (2.16a)
(4)
∗
∇γ (4)
∗
∇γ
(
φ+
5
8
ρ
)
− e 54 ρ
(
e2φ∂γχ∂
γχ+
eφ
12
F˜αβγF˜
αβγ
)
+
e−φ
12
HαβγH
αβγ
+
(
Eφ +
5
8
Eρ
)
= k4
[
3
4
e2φ+
5
4
ρ
(
6θαβγΠγχ σαβ − θ γαβ θαβλΠγΠλ − 9χ2σαβσαβ
)
+
e
1
2 (φ+
5
4
ρ)
48
√
3
Sλλ θ
αµνF˜αµν +
3
4
(
θ
γ
αβ θ
αβλΠ̂γΠ̂λ + 4θ
αβγΠ̂γ σαβ + 4σαβσ
αβ
)
+
e−φ
16
√
3
(θαµνHαµν)
2
]
, (2.16b)
(4)
∗
∇γ (4)
∗
∇γ χ+ 2∂γ
(
φ+
5
8
ρ
)
∂γχ+
e−φ
6
F˜αβγH
αβγ + Eχ
= k4
[
e−φ
32
√
3
θλµνHλµνθ
γαβF˜γαβ − e
− 1
2 (3φ+
5
4
ρ)
24
√
3
Sλλ θ
αµνHαµν
+
3
4
(
θ
γ
αβ θ
αβλΠ̂γΠλ − 3χθαβγΠ̂γσαβ + 2θαβγΠγ σαβ − 6χσαβσαβ
)]
, (2.16c)
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(4)
∗
∇γ F˜ γµν + ∂γ
(
φ+
5
4
ρ
)
F˜ γµν + Eµν
F˜
= k4
[√
3
4
e
1
2 (φ−
5
4
ρ)ηµναβ
(
3χσαβ − θ γαβ Πγ
) ˜̺
−1
3
(
θµνγΠ̂γ + 2σ
µν
)(√3
2
e−
1
2 (φ+
5
4
ρ)Sλλ + θ
βαγF˜αβγ
)]
, (2.16d)
(4)
∗
∇γ
(
e−φHγµν − χ eφ+ 54 ρF˜ γµν
)
+ e−φEµνH − χeφ+
5
4
ρE
µν
F˜
(2.16e)
= k4e
1
2 (φ+
5
4
ρ)
[
1
12
(√
3 Sλλ −
1
2
e
1
2 (φ+
5
4
ρ)θαβγF˜αβγ
)
(θµνγΠγ − 3χσµν)
+
(
1
4
e−
1
2 (3φ+
5
4
ρ)θαβγHαβγ − χ
3
e
1
2 (φ+
5
4
ρ) θαβγF˜αβγ +
χ
2
√
3
Sλλ
)(
θµνγΠ̂γ + 2σ
µν
)
+
√
3
4
˜̺ηµναβeφ [θ γαβ (2e−(2φ+ 54 ρ)Π̂γ − χΠγ)+ σαβ (4e−(2φ+ 54 ρ) + 3χ2)]
]
,
where Eφ ≡ ∂4∂4φ, Eρ ≡ ∂4∂4ρ, Eχ ≡ ∂4∂4χ, EHµν ≡ ∂4H4µν , EF˜µν ≡ ∂4F˜4µν ,
and ηαβγλ is the brane volume form [see (B6)]. The equations (2.13), (2.16a) - (2.16e), and
(B5h) are the effective equations on the brane.
For the same reason, we can apply the relation (1.12) in order to consider these equations
on the Riemannian space instead of EC space. This gives a set of dynamically equivalent
equations of motion. At the same time notice that (2.13), (2.16a) - (2.16e) have completely
described in Riemannian terms. The equation (B5h) can readily be expressed as follows
∂L
∂ψA
− (4)
∗
∇λ ∂L
∂ (4)∇λψA =
√
3
2
e
1
2 (φ+
5
4
ρ) (∂[αAβλ] − χ ∂[αBβλ])ΩAB|αβ ∂L∂ (4)∇λψB . (2.17)
III. CONCLUSIONS
In this paper we have derived effective field equations on the 3-brane motivated by the
massless bosonic sector of the type IIB string. This setup supposes that fields of this sector
can penetrate in the extra dimension. The brane worlds motivated by string/M-theory
have become an widely investigated topic in the literature. However in our case, we have
introduced the Einstein-Cartan space in order to induce interactions between the brane and
bulk fields. By the developed embedding procedure these interactions are understood in a
purely geometric way as the induced brane contortion. Hence this approach allows us to
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avoid additional suppositions about the form of interactions. Finally, we have presented the
dynamically equivalent effective equations expressed completely in Riemannian terms.
It has been expected that the effective theory is not closed in 4-dimensions. The consid-
ered approach does not give a possibility to establish effective equations in terms of quantities
defined on the brane only. In order to obtain one complete set we should derive the equations
of motion for extrinsic quantities {Eφ, Eρ, Eχ, EHµν , EF˜µν , Egµν} in addition to (2.13), (2.16a) -
(2.16e), and (2.17). However the established effective equations (as well as the bulk equa-
tions) appears very complex to be solved. Hence it seems reasonable to impose some special
symmetries on the bulk fields. The imposed symmetries can eliminate extrinsic quantities
or make them negligible. On the other hand, in the papers [23], where only gravity exists
in the bulk the evolution of extrinsic quantities it was found and it was shown that these
contributions are subtle. This result makes us to believe that one similar conclusion can hold
in our case. The situation with the non-conservation of the brane energy-momentum tensor
Sµν is also curious. We noticed that the effective brane energy-momentum tensor given by
the right part of (2.13) conserves and the effective vacuum remains stable. Nevertheless if
Sµν is understood as the true brane energy-momentum tensor; then additional suppositions
about the asymptotical structure of brane are necessary (see [23, 27, 28] for related work).
The examination of all these problems we leave for a forthcoming paper.
We stress that in the framework of brane worlds exist articles, where the authors have
also focused on the massless bosonic sector of the type IIB theory. We only mention the
paper [30], where the brane matter sector consists of a Born-Infeld action constructed from
the induced metric and projected antisymmetric bulk fields. One motivation to consider
such action is the magnetogenesis in early universe. Let us also remark articles, where the
scenario assumes the torsion. First notice the papers [25], where the torsion has given by the
Kalb-Ramond field that coexists with gravity in a 6-dimensional bulk. The 4-dimensional
effective theory is constructed. However this approach is based on the Kaluza-Klein like
reduction instead of the covariant embedding formalism. Apparently, the Gauss and Codacci
like formulas obtained in our paper can easily be adapted for the 6-dimensional case, and
some new ideas can be suggested. Finally notice the papers [26], where the presence of bulk
fermions induces the torsion. The authors have shown that the induced contact interaction
on the brane is suppressed only by the square of the fundamental scale, which could be of
the observed order. The authors as well do not apply the embedding formalism.
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Anyway the arguments in this paper extend the results in the literature on the brane
worlds motivated by the string/M-theory.
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APPENDIX A: EMBEDDING OF A BRANE
The geometry of embedded branes has been widely investigated in the literature. In this
appendix we construct the embedding formalism for spaces with nontrivial torsion (see [18]
for related work). Let xa(z, y) be the coordinates of the bulk, zλ the coordinates of the
brane, and yi the coordinates of a space normal to the brane6. First we define the metric
on the brane (Σ)
qµν = gab e
a
µe
b
ν , (A1)
where eaµ =
∂xa
∂zµ
≡ ∂µxa is a frame associated with the intrinsic coordinates. Properties of a
non-intrinsic character encode the unit vectors nai =
∂xa
∂yi
≡ ∂ixa normal to the brane such
that gabn
a
i e
b
µ = 0. Now we define the metric of space normal to the brane (⊥)
qij = gab n
a
i n
b
j . (A2)
The decomposition of a bulk vector is as follows
Va = naknkbVb + eaµeµbVb ≡ Va⊥ + VaΣ ≡ nakvk + eaµvµ; (A3)
then eaµe
µ
b = δ
a
b − naknkb ≡ hab, where eµa ≡ gab ebν qµν ; nia ≡ gab nbj qij ,
and hab e
a
µe
b
ν = qµν ; h
a
b h
b
c = h
a
c ; hab = gab − naknkb .
These considerations mean that hab is the induced metric on the brane [31]. Let us perform
the parallel transport of tangent vector to the brane world volume V Σa by means z
γ → zγ+dzγ
taking into account the bulk connection Γabc
V Σ||a(z
γ + dzγ) = V Σa (z
γ) + ΓcabV
Σ
c (z
γ)dxb = V Σa (z
γ) + ebλ(z
γ)ΓcabV
Σ
c (z
γ)dzλ. (A4)
6 Where the Latin indices a, b = 0, . . . , D−1; i, j = DΣ, . . . , D−1; and the Greek indices µ, ν = 0, . . . , DΣ−1.
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In the basis (nai ; e
a
µ) the brane projection of (A4) at O(dz2) becomes
left part : v||µ(z
γ + dzγ)eµa(z
γ + dzγ) ≃ v||µ(zγ + dzγ)eµa(zγ) + vµ(zγ)∂γeµa(zγ)dzγ,
right part : vµ(z
γ)eµa(z
γ) + eµc (z
γ)ebλ(z
γ)Γcabvµ(z
γ)dzλ;
finally : v||µ = vµ + e
a
µe
ν
ce
b
γΓ
c
abvνdz
γ − eaµvν∂γeνadzγ . (A5)
At the same time (A5) defines the parallel transport rule of brane world volume vector vµ
with respect to the brane connection (Σ)Γλµν in the form
v||µ = vµ +
(
eaµe
b
νe
λ
cΓ
c
ab − ecµ∂νeλc
)
vλdz
ν ≡ vµ + (Σ)Γλµνvλdzν , (A6)
with (Σ)Γλµν = e
a
µe
b
νe
λ
cΓ
c
ab − ecµ∂νeλc = eλc
(
eaµe
b
νΓ
c
ab + ∂νe
c
µ
)
= gcde
d
γq
γλ∇ν ecµ,
where ∇ν ≡ eaν∇a is the covariant derivative along the brane world volume direction. The
orthogonal projection of (A4) defines the brane second fundamental form as follows
−Kiµνvµdzν ≡ nai (zγ + dzγ)V Σ||a(zγ + dzγ)
≃ ecµ(zγ)vµ(zγ)∂νnci(zγ)dzν + nai (zγ)Γcabecµ(zγ)vµ(zγ)ebν(zγ)dzν
= gcde
d
µ
(
∂νn
c
i + Γ
c
abn
a
i e
b
ν
)
vµdzν = gcde
d
µ∇ν nci vµdzν (A7a)
= −nci
(
∂νecµ − Γacbeaµebν
)
vµdzν = −gcdndi∇ν ecµ vµdzν . (A7b)
As above, let us perform the parallel transport of normal vector to the brane world volume
V ⊥a taking into account the bulk connection Γ
a
bc
V ⊥||a(z
γ + dzγ) = V ⊥a (z
γ) + ΓcabV
⊥
c (z
γ)dxb = V ⊥a (z
γ) + ebλ(z
γ)ΓcabV
⊥
c (z
γ)dzλ. (A8)
The reader will have no difficulty in showing that the projections of (A8) in the basis (nai ; e
a
µ)
defines the brane connection (Σ)Γjiλ ≡ gcdndkqkj∇λnci and the second fundamental form Kiµν
exactly as (A7). Notice that (Σ)Γλµν ,
(Σ)Γjiλ, and K
i
µν being the projections of ∇ν eaµ, ∇ν nai
can be related via Gauss-Weingarten like equations as follows
∇ν eaµ = gcdgda∇ν ecµ = gcd
(
edλeaλ + n
dinai
)∇ν ecµ = (Σ)Γλµνeaλ +Kiµνnai ; (A9a)
∇ν nai = gcdgda∇ν nci = gcd
(
edλeaλ + n
djnaj
)∇ν nci = (Σ)Γjiνnaj −K λi νeaλ. (A9b)
Motivated by the ideology of this paper we consider only the totally antisymmetric part
of the contortion understood as result of a covariant splitting into irreducible parts (1.10);
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then Γabc =
∗
Γabc +Θabc such that Θabc = Θ[abc]. Our next step is to decompose the brane
connection and the second fundamental form into Riemannian and non-Riemannian parts:
∇ν eaµ =
∗
∇ν eaµ +Θadcedµecν ≡
∗
∇ν eaµ +Θaµν ; (A10)
then the brane and the orthogonal projection of (A9a) becomes
eγa∇ν eaµ = (Σ)Γγµν = eγa
∗
∇ν eaµ + eγaΘaµν ≡ (Σ)
∗
Γγµν + Θ
γ
µν , (A11a)
nja∇ν eaµ = Kjµν = nja
∗
∇ν eaµ + njaΘaµν ≡
∗
Kjµν + Θ
j
µν . (A11b)
Further, taking account of (A11) and (A10) one can express (A9a) in the form
∗
∇ν eaµ +Θaµν =
(
(Σ)
∗
Γγµν + Θ
γ
µν
)
eaγ +
(
∗
Kjµν + Θ
j
µν
)
naj . (A12)
The reader will easily prove that eaλ
(Σ)
∗
Γλµν= e
a
λ
(Σ)
∗
Γλνµ and similarly n
a
j
∗
Kjµν= n
a
j
∗
Kjνµ; then
acting via symmetrization/antisymmetrization on (A12) it can easily be checked that
∗
∇ν eaµ = (Σ)
∗
Γγµν e
a
γ+
∗
Kjµν n
a
j ; Θ
a
µν = Θ
γ
µνe
a
γ + Θ
j
µνn
a
j . (A13)
Considering the definition of bulk covariant derivative along the brane world volume direction
one is able to define the brane covariant derivative as follows
(Σ)∇ν vµ ≡ ∂νvµ − (Σ)Γλµνvλ = ∂ν(eaµVa)− eλc eaλVa∇ν ecµ = eaµ∇ν Va + viKiµν , (A14a)
(Σ)∇ν vi ≡ ∂νvi − (Σ)Γjiνvj = ∂ν(nai Va)− njcnajVa∇ν nci = nai∇ν Va − vλK λi ν . (A14b)
Further, considering the brane covariant derivative we can relate the bulk curvature tensor
with the brane one. First notice a definition
∇[a∇b]Vc = ∂[a∇b] Vc − Γd[ba]∇dVc − Γdc[a∇b]Vd =
(
∂[bΓ
d
|c|a] + Γ
d
e[bΓ
e
|c|a]
)
Vd −Θdba∇dVc
≡ 1
2
RdcbaVd −Θdba∇dVc, and (A15a)
∇[a∇b]V c = 1
2
R cd baV
d −Θdba∇dV c. (A15b)
This definition gives a possibility to derive the following properties of the curvature7
Rabcd = −Rbacd = −Rabdc,
Rfabc +Rfbca +Rfcab = −6
(∇[aΘbc]f + 2Θd[abΘc]df) .
7 These properties can be checked by the decomposition: Rabcd =
∗
Rabcd +R˜abcd.
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Now evaluate the commutator eγa∇[µ∇ν] eaα
eγa∇[µ∇ν] eaα = eγaec[µ∇c
(
(Σ)Γλ|α|ν]e
a
λ +K
i
|α|ν]n
a
i
)
= ∂[µ
(Σ)Γγ|α|ν] +
(Σ)Γγλ[µ
(Σ)Γλ|α|ν] −Kiγ[µKi|α|ν]
≡ 1
2
(
(Σ)Rγαµν −KiανKiγµ +KiαµKiγν
)
;
eγa∇[µ∇ν] eaα = eγa
(
ecµe
d
ν∇[c∇d] eaα +Θdνµ∇d eaα
)
=
1
2
eγaR
a
bcd e
b
αe
c
µe
d
ν .
Therefore the Gauss like equation can be expressed as follows
Rabcde
γ
ae
b
αe
c
µe
d
ν =
(Σ)Rγαµν −KiανKiγµ +KiαµKiγν . (A16)
Finally, evaluate the commutator nja∇[µ∇ν] eaα
nja∇[µ∇ν] eaα = njaec[µ∇c
(
(Σ)Γλ|α|ν]e
a
λ +K
i
|α|ν]n
a
i
)
=
1
2
(
(Σ)∇µKjαν − (Σ)∇νKjαµ − 2ΘλµνKjαλ
)
;
nja∇[µ∇ν] eaα = nja
(
ecµe
d
ν∇[c∇d] eaα +Θdνµ∇d eaα
)
=
1
2
njaR
a
bcde
b
αe
c
µe
d
ν .
Therefore the Codacci like equation can be expressed as follows
Rabcd n
i
ae
b
αe
c
µe
d
ν =
(Σ)∇µKiαν − (Σ)∇νKiαµ − 2ΘλµνKiαλ. (A17)
APPENDIX B: FIELD EQUATIONS IN THE BULK
The variational formalism of relativistic conservative medium with internal degrees of
freedom in the framework of EC space has been investigated in the literature [17, 19, 21].
The dynamics of compactified type IIB theory gives equations of motion listed in the
Appendix C [see (C3)]. We modify these equations in order to include the brane world
contribution. Consider these modifications at the level of action as follows
Stotal = S + Sc + Sbr + Scbr; (B1a)
S =
1
2k2
∫
d5x
√
|g|
[
R− 1
2
(
∂aφ∂
aφ+
5
8
∂aρ∂
aρ+
5
4
∂aφ∂
aρ+ e2φ+
5
4
ρ∂aχ∂
aχ
)
− 1
12
e−φHabcH
abc − e
5
4
ρ
480
Y˜abcdeY˜
abcde + e−
1
2
ρα
]
,
Sc =
∫
d5x
√
|g| (−Λ), Scbr =
∫
d4x
√
|q| (−λ), Sbr =
∫
d4x
√
|q| L(qµν , ψA, (4)∇µψA),
where (4)∇µψA = ∂µψA − (4)ΓαβµψA| βα ; ψA| βα ≡ φB ΩBA| βα . (B1b)
The term ΩBA| βα is the generator of coordinate transformations and its explicit form depends
on the order of the field ψA. By construction, we suppose gabn
anb = 1, x4 ≡ y, and eaµ = δaµ;
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then the formalism constructed in the Appendix A can straightforwardly be applied. Further,
we introduce a notation by taking the following variation
δ
∫
d5x
√
|g|(5)R = δ
∫
d5x
√
|g|
(
(5)
∗
R −Θ2
)
=
∫
d5x
√
|g|
(
∗
Gab +
1
2
gabΘ
2 − 3ΘacdΘ cdb
)
δgab (B2)
=
∫
d5x
√
|g|G(ab)δgab, where
Gab ≡ Rab − 1
2
gab
(5)R − 2ΘacdΘ cdb ; Θabc =
√
3
2
e
1
2 (φ+
5
4
ρ) (∂[aAbc] − χ ∂[aBbc]) .
The non-zero variations of (Sc + Scbr) gives the following expressions
δSc = −δ
∫
d5x
√
|g| Λ = 1
2
∫
d5x
√
|g| gabΛ δgab, (B3a)
δScbr = −δ
∫
d5x
√
|q| λ δ(y) = 1
2
∫
d5x
√
|q| λ qµν δµa δνb δgab δ(y). (B3b)
Variations of Sbr with respect to {gab, ρ, φ, χ, Aab, Bab, ψA} gives respectively
δSbr =
∫
d4x
√
|q|
[
1√|q| ∂(
√|q|L)
∂qαβ
δqαβ − ∂L
∂ (4)∇λψA ψA|
β
α δΓ
α
βµ
]
(B4a)
≡ −1
2
∫
d5x
√
|q| ταβ δαa δβb δ(y)δgab = −
1
2
∫
d5x
√
|q|
(
∗
τ αβ + τ˜αβ
)
δαa δ
β
b δ(y)δg
ab,
δSbr = − 5
32
√
3
∫
d5x
√
|q| e 12 (φ+ 54 ρ)θµαν F˜αµν δ(y) δρ, (B4b)
δSbr = − 1
8
√
3
∫
d5x
√
|q| e 12 (φ+ 54 ρ)θµαν F˜αµν δ(y) δφ, (B4c)
δSbr = − 1
4
√
3
∫
d5x
√
|q| e 12 (φ+ 54 ρ)θαµν Hαµν δ(y) δχ, (B4d)
δSbr =
1
4
√
3
∫
d4x
√
|q| e 12 (φ+ 54 ρ)θαµν δFαµν (B4e)
= −
√
3
4
∫
d5x
√
|q| e 12 (φ+ 54 ρ)
[
σµν +
1
2
θαµν∂α
(
φ+
5
4
ρ
)]
δaµδ
b
νδ(y)δAab,
δSbr = − 1
4
√
3
∫
d4x
√
|q| e 12 (φ+ 54 ρ)χ θαµν δHαµν (B4f)
= −
√
3
4
∫
d5x
√
|q| e 12 (φ+ 54 ρ)
[
χ σνµ + θανµ
(
∂αχ +
1
2
χ∂αφ+
5
8
χ∂αρ
)]
δaµδ
b
νδ(y)δBab,
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δSbr
δψA
=
∫
d4x
√
|q|
(
∂L
∂ψA
− (4)∇λ ∂L
∂ (4)∇λψA
)
= 0, (B4g)
where σµν ≡ (4)
∗
∇α θαµν , θαβλ ≡ ξ[αβλ], ξ βλα ≡ 2
∂L
∂ (4)Γαβλ
= −2 ∂L
∂ (4)∇λψA φB Ω
B
A| βα ,
and { ∗τµν , τ˜µν} tensors have generated by {
∗
L, L˜} parts of the brane Lagrangian [see (1.13)].
Due to modifications given by (B1a) the equations of motion (C3) become
G(ab) = k
2Tab; Tab = −gabΛ + Sµνδµa δνb δ(y) + k−2Pab, where (B5a)
Pab =
1
2
∂aφ∂bφ+
5
8
∂(aφ∂b)ρ+
5
16
∂aρ∂bρ+
e2φ+
5
4
ρ
2
∂aχ∂bχ +
e−φ
4
HacdH
cd
b
+
e
5
4
ρ
96
Y˜acdef Y˜
cdef
b −
1
2
gab
(
1
2
∂cφ∂
cφ+
5
8
∂cφ∂
cρ+
5
16
∂cρ∂
cρ
+
e2φ+
5
4
ρ
2
∂cχ∂
cχ+
e−φ
12
H2 − e− ρ2 α
)
; Sµν ≡ (−qµνλ+ τµν) ,
(5)
∗
∇c(5)
∗
∇c ρ+ (5)
∗
∇c(5)
∗
∇c φ− e 54 ρ
(
e2φ∂aχ∂
aχ+
eφ
6
F˜ 2 +
1
120
Y˜ 2
)
− 4
5
e−
1
2
ρα
=
k2
2
√
3
e
1
2 (φ+
5
4
ρ)θµαν F˜αµν δ(y), (B5b)
e−φ
12
H2 − e2φ+ 54 ρ∂aχ∂aχ− e
φ+ 5
4
ρ
12
F˜ 2 + (5)
∗
∇a(5)
∗
∇a φ+ 5
8
(5)
∗
∇a(5)
∗
∇a ρ
=
k2
4
√
3
e
1
2 (φ+
5
4
ρ)θµαν F˜αµν δ(y), (B5c)
(5)
∗
∇a
(
e2φ+
5
4
ρ∂aχ
)
+
eφ+
5
4
ρ
6
F˜abcH
abc =
k2
2
√
3
e
1
2 (φ+
5
4
ρ)θαµν Hαµν δ(y), (B5d)
24 (5)
∗
∇c
(
eφ+
5
4
ρF˜ cab
)
+ e
5
4
ρY˜ abcdeHcde + 3
(5)
∗
∇c
(
e
5
4
ρY˜ cdeabBde
)
= 12
√
3 k2 e
1
2 (φ+
5
4
ρ)
[
θαµν∂α
(
φ+
5
4
ρ
)
+ 2σµν
]
δaµδ
b
ν δ(y), (B5e)
24 (5)
∗
∇c
(
e−φHcab − eφ+ 54 ρχF˜ cab
)
− 3 (5)
∗
∇c
(
e
5
4
ρY˜ decabAde
)
− e 54 ρY˜ abcdeFcde
= 24
√
3 k2 e
1
2 (φ+
5
4
ρ)
[
θανµ
(
∂αχ +
1
2
χ ∂αφ+
5
8
χ ∂αρ
)
+ χ σνµ
]
δaµδ
b
ν δ(y), (B5f)
22
Y˜ abcde = −̺ ηabcde e− 54 ρ; Y˜abcde = −̺ ηabcde e 54 ρ, (B5g)
∂L
∂ψA
− (4)∇λ ∂L
∂ (4)∇λψA = 0. (B5h)
The relations (B5g) are the consequences of self-duality conditions, the ansatz (1.6), and the
equation of motion (C3g). Hence throughout the paper we consider (B5g) instead of (C3g).
On the other hand, on the brane survive only Y˜αβγλ4 components. It can be checked that
Y˜ αβγλ4 = −
√
|q| ηαβγλ Y˜ 01234 = −̺ ηαβγλ e− 54 ρ,
Y˜αβγλ4 =
1√|q| ηαβγλ Y˜01234 = −̺ ηαβγλ e 54 ρ,
and Y˜αβγλ4Y˜
αβγλ4 = −4! ̺2, where ηαβγλ = ηabcdeeaαebβecγedλne (B6)
is the brane volume form and ̺ is the Freund-Rubin parameter.
APPENDIX C: EQUATIONS OF MOTION FOR THE TYPE IIB STRING
We have noticed that the massless bosonic sector of the type IIB string can not be
described by a covariant action [11] however the covariant equations of motion exists. The
10-dimensional equations considered in this paper are as follows
0 =
∗
R˜AB +
5
4
∗
∇(A
∗
∇B) Φ˜− e
−Φ
4
HACDH
CD
B −
1
2
∂AΦ∂BΦ− 5
8
∂(AΦ∂B)Φ˜− e
2Φ+ 5
4
Φ˜
2
∂AΨ∂BΨ
− e
Φ+ 5
4
Φ˜
4
F˜ACDF˜
CD
B −
e
5
4
Φ˜
96
Y˜ACDEF Y˜
CDEF
B −
1
2
G˜AB
(
∗
R˜ +
5
2
∗
∇C
∗
∇C Φ˜− e
−Φ
12
H2
− 1
2
∂CΦ∂
CΦ− 5
8
∂CΦ∂
CΦ˜− 25
16
∂CΦ˜∂
CΦ˜− e
2Φ+ 5
4
Φ˜
2
∂CΨ∂
CΨ− e
Φ+ 5
4
Φ˜
12
F˜ 2
)
, (C1a)
0 =
∗
R˜ −e
−Φ
12
H2 − 1
2
∂AΦ∂
AΦ− 25
16
∂AΦ˜∂
AΦ˜− 1
2
∗
∇A
∗
∇A Φ + 5
2
∗
∇A
∗
∇A Φ˜, (C1b)
0 =
e−Φ
12
H2 − 5
4
∂AΦ˜∂
AΦ− 25
32
∂AΦ˜∂
AΦ˜− e2Φ+ 54 Φ˜∂AΨ∂AΨ
−e
Φ+ 5
4
Φ˜
12
F˜ 2+
∗
∇A
∗
∇A Φ+ 5
8
∗
∇A
∗
∇A Φ˜, (C1c)
0 =
∗
∇A
∗
∇A Ψ+ 2∂AΨ∂AΦ + e
−Φ
6
F˜ABCH
ABC , (C1d)
23
0 = 24 eΦ
(
∂CΦ F˜
CAB+
∗
∇C F˜CAB
)
+ Y˜ ABCDEHCDE + 3
∗
∇C
(
Y˜ CDEABBDE
)
, (C1e)
0 = 24 e−
5
4
Φ˜−Φ
[
∂C
(
Φ+
5
4
Φ˜
)
HCAB−
∗
∇C HCAB
]
+ 3
∗
∇C
(
Y˜ DECABADE
)
+ 24 eΦ
[
∗
∇C
(
ΨF˜CAB
)
+ΨF˜CAB∂CΦ
]
+ Y˜ ABCDEFCDE, (C1f)
0 =
∗
∇E Y˜ EABCD, (C1g)
and the imposed self-duality condition
Y˜ABCDE = ∗Y˜ABCDE = 1
5!
ηJ1J2J3J4J5ABCDEY˜
J1J2J3J4J5 . (C1h)
We observe that these equations can be derived from the following action
SE =
1
2k210
∫
d10X
√
|G˜| e− 54 Φ˜
[
∗
R˜ −e
−Φ
12
H2 − 1
2
∂AΦ∂
AΦ− 5
8
∂AΦ∂
AΦ˜ +
25
16
∂AΦ˜∂
AΦ˜
−e
2Φ+ 5
4
Φ˜
2
∂AΨ∂
AΨ− e
Φ+ 5
4
Φ˜
12
F˜ 2 − e
5
4
Φ˜
480
Y˜ 2
]
; (C2)
HABC = 3∂[ABBC], FABC = 3∂[AABC], F˜ABC = FABC −ΨHABC ;
YABCDE = 5∂[AWBCDE], Y˜ABCDE = YABCDE − 5A[ABHCDE] + 5B[ABFCDE];
except for vanishing of the term Y˜ 2 in (C1a) and the self-duality condition (C1h).
Applying the method [7] based on the ansatz (1.6) one yields 5-dimensional equations of
motion in the form
0 = (5)
∗
Rab −e
−φ
4
HacdH
cd
b −
1
2
∂aφ∂bφ− 5
8
∂(aφ∂b)ρ− 5
16
∂aρ∂bρ− e
2φ+ 5
4
ρ
2
∂aχ∂bχ
− e
φ+ 5
4
ρ
4
F˜acdF˜
cd
b −
e
5
4
ρ
96
Y˜acdef Y˜
cdef
b −
1
2
gab
(
(5)
∗
R −e
−φ
12
H2 − 1
2
∂cφ∂
cφ− 5
8
∂cφ∂
cρ
− 5
16
∂cρ∂
cρ− e
2φ+ 5
4
ρ
2
∂cχ∂
cχ− e
φ+ 5
4
ρ
12
F˜ 2 + e−
ρ
2
(⊥)R
)
, (C3a)
0 = (5)
∗
∇c(5)
∗
∇c ρ+ (5)
∗
∇c(5)
∗
∇c φ−e 54 ρ
(
e2φ∂aχ∂
aχ+
eφ
6
F˜ 2 +
1
120
Y˜ 2
)
− 4
5
e−
1
2
ρ (⊥)R. (C3b)
24
0 =
e−φ
12
H2 − e2φ+ 54 ρ∂aχ∂aχ− e
φ+ 5
4
ρ
12
F˜ 2 + (5)
∗
∇a(5)
∗
∇a φ+ 5
8
(5)
∗
∇a(5)
∗
∇a ρ, (C3c)
0 = (5)
∗
∇a(5)
∗
∇a χ + 2∂aχ∂aφ+ 5
4
∂aχ∂
aρ+
e−φ
6
F˜abcH
abc, (C3d)
0 = 24 eφ
[
∂c
(
φ+
5
4
ρ
)
F˜ cab + (5)
∗
∇c F˜ cab
]
+ 3 (5)
∗
∇c
(
Y˜ cdeabBde
)
+ Y˜ abcdeHcde +
15
4
∂cρ Y˜
cdeabBde, (C3e)
0 = 24 eφ
[
(5)
∗
∇c
(
χF˜ cab
)
+ χF˜ cab∂c
(
φ+
5
4
ρ
)]
+ 24 e−
5
4
ρ−φ
[
∂cφH
cab − (5)
∗
∇c Hcab
]
+ 3 (5)
∗
∇c
(
Y˜ decabAde
)
+
15
4
∂cρ Y˜
decabAde + Y˜
abcdeFcde, (C3f)
0 = (5)
∗
∇e Y˜ eabcd + 5
4
∂eρ Y˜
eabcd, (C3g)
where (⊥)R = const. is the scalar curvature of S5.
We observe that these equations can be derived from the following action
S0 =
1
2k2
∫
d5x
√
|g|
[
∗
R −1
2
(
∂aφ∂
aφ+
5
8
∂aρ∂
aρ+
5
4
∂aφ∂
aρ+ e2φ+
5
4
ρ∂aχ∂
aχ
)
− 1
12
(
eφ+
5
4
ρF˜ 2 + e−φH2
)
− e
5
4
ρ
480
Y˜ 2 + e−
1
2
ρ (⊥)R
]
; (C4)
Fabc = 3∂[aAbc], Habc = 3∂[aBbc], F˜abc = Fabc − χHabc,
Yabcde = 5∂[aWbcde], Y˜abcde = Yabcde − 5A[abHcde] + 5B[abFcde],
except for vanishing of the term Y˜ 2 in (C3a), for the wrong coefficient of Y˜ 2 in (C3b), and
for consequences of the self-duality condition given by (1.8).
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